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Hot carrier thermalization is a major source of efficiency loss in solar cells. Because of the
subpicosecond time scale and complex physics involved, a microscopic characterization of hot carriers
is challenging even for the simplest materials. We develop and apply an ab initio approach based on density
functional theory and many-body perturbation theory to investigate hot carriers in semiconductors. Our
calculations include electron-electron and electron-phonon interactions, and require no experimental input
other than the structure of the material. We apply our approach to study the relaxation time and mean free
path of hot carriers in Si, and map the band and k dependence of these quantities. We demonstrate that a hot
carrier distribution characteristic of Si under solar illumination thermalizes within 350 fs, in excellent
agreement with pump-probe experiments. Our work sheds light on the subpicosecond time scale after
sunlight absorption in Si, and constitutes a first step towards ab initio quantification of hot carrier dynamics
in materials.
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Single-junction solar cells based on crystalline Si are
rapidly approaching the Shockley-Queisser efficiency limit
[1,2]. While the Carnot efficiency of ∼95% sets the
ultimate limit for solar energy conversion at room temper-
ature, practical efficiency limits in ordinary photovoltaic
(PV) solar cells are significantly lower; e.g., the Shockley-
Queisser limit for Si is close to 30% [2]. The main factors
limiting efficiency are carrier thermalization and absorption
losses [3,4]. For the case of Si under AM1.5 solar
illumination [5], nearly 25% of incident solar energy is
lost to heat as the nonequilibrium (“hot”) carriers generated
by sunlight absorption thermalize to the edges of the band
gap. Not only is hot carrier thermalization the main source
of loss in most PV materials, it is also difficult to prevent,
control, and understand with microscopic detail due to the
subpicosecond time scale typical of hot carrier relaxation
[6]. This scenario is common to other technologies employ-
ing hot carriers, including electronics, optoelectronics, and
renewable energy devices beyond PV [7–11].
The leading mechanisms involved in hot carrier thermali-

zation consist of inelastic electron-phonon (e-ph) and
electron-electron (e-e) scattering processes [12]. Relaxation
times for e-ph and e-e interactions in semiconductors
have been studied extensively by model Hamiltonians with
selected phonon modes, simplified electronic band struc-
tures, deformation potentials, and/or empirical pseudopo-
tentials [13–18]. Hot carrier dynamics in semiconductors
has been investigated experimentally using pump-probe
optical measurements [19,20].
This work has two main goals. First, we present an

ab initio approach based on density functional theory

(DFT) and many-body perturbation theory to investigate
hot carriers in materials. Second, we apply this framework to
study hot carrier thermalization at subpicosecond time scale
after sunlight absorption in the simplest andmost commonly
used material in PV, namely Si. Our approach improves over
previous methods employed to study hot carriers [16–18],
and is widely applicable. In particular, our formalism allows
one to (1) treat all phonon modes on the same footing by
using full phonon dispersion curves rather than single
phononmodes, (2) resolve hot carrier relaxation times, mean
free paths, and dynamics for different bands and k points in
the Brillouin zone (BZ), and (3) compute the e-ph coupling
matrix elements on fine grids in the BZ by combining
ab initio pseudopotentials and wave functions. For example,
within our ab initio framework there is no need to employ
deformation potentials to describe e-ph scattering rates.
This work does not aim to suggest strategies to mitigate
thermalization losses in solar cells [21,22], but rather aims
to study hot carriers using accurate ab initio calculations.
We compute hot carrier relaxation times and mean free

paths in Si, and map these quantities in the BZ. Our
calculations indicate that hot carrier thermalization in Si is
dominated by phonon emission processes with a time scale
of ∼100 fs for carriers near the band edges, while faster
relaxation times of ∼10 fs are found at higher energies
away from the band edges. We predict that an initial carrier
distribution characteristic of Si under AM1.5 solar illumi-
nation thermalizes within 350 fs, in excellent agreement
with pump-probe experiments.
We carry out calculations on a unit cell of Si with a

lattice parameter of 5.4 Å. The ground-state electronic
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structure is computed within the local density approxima-
tion (LDA) of DFT using the QUANTUM ESPRESSO code
[23,24]. Norm-conserving pseudopotentials are employed
[25], and a kinetic energy cutoff of 45 Ry is used for
the plane-wave basis set. Lattice-dynamical properties are

computed using density functional perturbation theory
[26]. We employ the EPW code [27] to compute the
imaginary part of the e-ph self-energy ImðΣe-ph

n;k Þ for
the Bloch state of energy ϵn;k at band n and k point in
the BZ [28]:

ImðΣe-ph
nk Þ ¼

X
m;λ;q

jgλ;qn;m;kj2Im
�

Nλ;q þ 1 − fm;k

ϵn;k − ϵm;kþq − ℏωλ;q − iη
þ Nλ;q − fm;k

ϵn;k − ϵm;kþq þ ℏωλ;q − iη

�
; ð1Þ

where ℏωλ;q is the energy of a phonon with polarization λ
and wave vector q in the BZ, fm;k and Nλ;q are Fermi and
Bose occupation numbers, respectively, evaluated here at
300 K, and η is a small Lorentzian broadening. In Eq. (1),
the key quantities are the e-ph matrix elements, defined as

gλ;qn;m;k ¼ hΨm;kþqj∂λ;qVjΨn;ki; ð2Þ

where Ψn;k is a Kohn-Sham wave function, and ∂λ;qV is
the variation of the Kohn-Sham potential for a unit
displacement of the nuclei along the phonon mode of
polarization λ and wave vector q. The e-ph relaxation times
are computed from the imaginary part of the self-energy as
τe-phn;k ¼ ½ImðΣe-ph

n;k Þ�−1ℏ=2. We first compute the electronic
and vibrational states and the associated e-ph matrix
elements on 12 × 12 × 12 k and 6 × 6 × 6 q point grids
using DFT. We then interpolate the quantities needed to
evaluate the e-ph self-energy on significantly finer grids of
50 × 50 × 50 k and q points, using an interpolation pro-
cedure based on Wannier functions [29,30] implemented in
the EPW code [27]. Our Wannier functions consist of four
sp3 orbitals on each Si atom, leading to the wannierization
of 4 valence and 4 conduction bands. We carry out full-
frequency GW calculations [31] using the BERKELEY-GW
code [32] to compute the imaginary part of the e-e self-
energy, ImðΣe-e

n;kÞ, and the associated e-e relaxation time

τe-en;k ¼ ½ImðΣe-ph
n;k Þ�−1ℏ=2. Kinetic energy cutoffs of 5 and

10 Ry are used, respectively, for the screened and bare
Coulomb interactions, and 96 empty bands are used to
compute the dielectric screening and the Green’s function
[33]. Finally, we study the time evolution of the electronic
occupation number fn;kðtÞ for hot carriers. At each time t,
the occupations are time stepped using the relaxation-time
approximation of the Boltzmann equation:

dfn;kðtÞ
dt

¼ −
fn;kðtÞ − fn;kðtthÞ

τn;k
; ð3Þ

where tth is the time after which thermalization is complete,
and the relaxation time τn;k is obtained by combining the
e-ph and e-e relaxation times via the Matthiessen rule,
ðτn;kÞ−1 ¼ ðτe-en;kÞ−1 þ ðτe-phn;k Þ−1.

Figure 1(a) shows the imaginary part of the e-ph and e-e
self-energies in the energy range of relevance for solar
excitation [5]. We find that the e-ph contribution to the
imaginary part of the self-energy is significantly larger than
the e-e contribution throughout the energy range of interest.
In addition, ImðΣe-phÞ shows a strong energy dependence
with trends similar to the electronic density of states (DOS),
consistent with the fact that in this case the DOS regulates
the phase space for e-ph scattering [14]. The hot electron
scattering rates in Fig. 1(a) are in very good agreement with
previous calculations from Fischetti et al. using empirical
pseudopotentials [16,17]. Our ability to resolve e-ph proc-
esses on fine grids in the BZ leads to additional details not
observed in previous calculations. For example, we observe
the presence of a feature with lower ImðΣe-phÞ values
(equivalently, lower scattering rates) due to the L valley at
∼1 eV above the conduction band edge, as well as an
inherent spread of the scattering rate for a fixed energy due to
the k dependence of the e-ph matrix elements. The e-e self-
energy is smaller than 10meVwithin 3 eVof themidpoint of
the band gap, and vanishes for energies between Eg below
the valence band maximum (VBM) and Eg above the
conduction band minimum (CBM), where Eg ¼ 1.15 eV
is the band gap of Si. These trends can be understood from
the fact that ourGW self-energy encodes information related
to the electron-hole processes of a quasiparticle at zero
temperature. Hence, the lowest-energy electron-hole

FIG. 1 (color online). (a) Imaginary part of the e-ph and e-e
self-energies, and the electronic DOS. (b) Relaxation times
associated with the e-ph self-energy alone and with both the
e-ph and e-e self-energies (curve labeled as “total”). The zero of
the energy axis is placed at the midpoint of the band gap (shown
as a shaded area).
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channels captured here consist of interband impact ioniza-
tion and Auger recombination processes, the onset of which
is∼Eg below theVBMand above theCBM, respectively, for
hole and electron quasiparticles. Because of the low carrier
concentrations excited by solar irradiation—typically less
than 1017 cm−3 carriers—intraband e-e processes in the
hot carrier gas are expected to play a minor role [19]. We
conclude that for Si under solar excitation, hot carrier
thermalization is dominated by phonon emission processes,
while impact ionization processes are less effective due to
the 1.15 eV gap of Si and the low carrier concentration.
Our data in Fig. 1(b) further indicate that hot carrier

relaxation near the band edges is characterized by relax-
ation times of 50–100 fs, while faster relaxation times of
10–20 fs are found at energies more than 300 meV away
from the band edges, for both electrons and holes. The
inclusion of e-e interactions changes the relaxation times
only very slightly [Fig. 1(b)]. Within an optical phonon
energy (∼60 meV in Si) of the VBM and CBM, the
relaxation times become larger than 100 fs due to the lack
of phonon emission processes. In this energy range
thermalization is typically fast and mediated by intraband
e-e processes not included here. The rate of hot carrier
thermalization is thus limited by the slowest e-ph relaxation
times of 50–100 fs at energies of ∼200 meV away from the
band edges.
The rate of e-ph processes responsible for hot carrier

thermalization can be mapped in the BZ by analyzing
ImðΣe-ph

n;k Þ along high-symmetry directions. Figure 2 shows
the electronic band structure of Si combined with infor-
mation related to ImðΣe-ph

n;k Þ on a fine k grid. We observe a

strong k and band dependence of ImðΣe-ph
n;k Þ and the

associated e-ph relaxation time τe-phn;k . Energy windows
with several bands result in shorter relaxation times due
to a larger number of possible transitions accompanying
phonon emission from hot carriers. The k dependence of
the relaxation time is further dictated by the k dependence
of the e-ph matrix elements.
Maps of e-ph scattering rates in the BZmay prove crucial

to devise new strategies for hot carrier utilization [11,21].

By relating high-symmetry directions in the BZ to real
space, information regarding hot carrier relaxation along
different crystallographic directions can be retrieved, thus
assisting the design of experiments aimed at collecting hot
carriers. We combine the semiclassical velocities vn;k ¼
ℏ−1∂En;k=∂k with the e-ph relaxation times to obtain the
e-ph mean free paths (MFPs) Ln;k ¼ vn;k · τn;k. The e-ph
MFPs represent the average distance hot carriers travel
before emitting (or absorbing) a phonon. When collected at
distances shorter than the MFP, the energy and momentum
distributions of hot carriers are preserved, thus enabling
extraction before thermalization [7,11].
Figure 3 shows e-ph MFPs for hot electrons and holes in

Si along the [100], [110], and [111] directions, obtained by
computing vn;k and τn;k on fine grids, respectively, along
the ΓX, ΓK, and ΓL directions of the BZ. For hot electrons,
we observe MFPs of less than 5 nm at all energies and for
all directions, with the exception of the [100] direction at
energies near the CBM for which we predict MFPs of up to
15 nm. Such longer MFPs are obtained for energies up
to 0.5 eV above the CBM, and stem from velocities near
the bottom of the X valley, combined with relatively long
(50–100 fs) relaxation times due to small DOS values near
the CBM. Hot holes exhibit overall larger MFPs of up to
15 nm that are evenly distributed among the different
directions. Our results indicate that extraction of hot
electrons is best achieved in a thin film of Si(100) with
less than ∼10 nm thickness, combined with excitation
energies of ∼1.5 eV. On the other hand, we predict that
hot holes may be extracted from thin films of up to 15 nm
thickness with any orientation for excitation energies in the
1.2–3 eV range [34].
We use the data obtained so far to simulate the ultrafast

thermalization of 1017 cm−3 hot carriers generated by
sunlight absorption in Si [35]. First, the initial hot carrier
occupations fn;kðt ¼ 0Þ imparted by sunlight are estimated
by combining the computed density of states DðEÞ with
experimental data for optical absorption in Si [36] and
AM1.5 solar radiation [5]:

FIG. 2 (color online). The band structure of Si, together with a
color map of the ImðΣe-phÞ and relaxation time.

FIG. 3 (color online). Mean free path as a function of energy
for hot holes (a) and electrons (b) in Si, shown for the three
crystallographic directions [100], [110], and [111]. The curves
combine data from multiple bands. The zero of the energy axis is
placed at the midpoint of the band gap.
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fn;kðt¼ 0Þ∝
Z

4 eV

0

dωDðϵn;k�ωÞJphðωÞαðωÞθðω� ϵn;kÞ;

ð4Þ

where ϵn;k is the energy of the hot carrier, ω is the photon
energy, Jph is the solar irradiance, α is the absorption
spectrum of Si, θ is the theta step function, and the upper
sign refers to holes while the lower sign refers to electrons.
In Eq. (4), the band index n runs over the valence and
conduction bands for hot holes and electrons, respectively,
and the equation estimates the number of interband transi-
tions generating hot carriers. The occupations are then
time stepped using Eq. (3), with the occupations fn;kðtthÞ
after thermalization consisting of a Fermi-Dirac distribu-
tion centered at an electron quasi-Fermi level such that
1017 cm−3 carriers are still present after thermalization.
This approach is consistent with the fact that the time scale
for thermalization is much shorter than the ∼100 μs
interband recombination time in Si [37].
Figures 4(a) and 4(b) show the hot carrier population,

PðEÞ ¼ fðEÞDðEÞ, for holes and electrons at times t ¼ 0
and after thermalization. Since the states within 300 meV
of the band edges possess relaxation time one order of
magnitude longer than states at higher energy within the
bands, we expect the thermalization rate to be limited by
the slower dynamics of hot carriers near the band edges.

The thermalization of hot carriers in this energy range is
detailed in Figs. 4(c) and 4(d), showing the carrier
populations as a function of time together with the final
Fermi-Dirac distribution for thermalized carriers. The
energy rangewithin∼60 meV of the band edges is excluded
as thermalization there is not contributed by e-ph processes,
as noted above. Our results show that thermalization near
the band edges completes in ∼200 fs for holes and ∼250 fs
for electrons. Thermalization completes within 50 fs at
higher energies within the bands (not shown), consistent
with the faster relaxation times of ∼10 fs predicted for
energies away from the band edges.
We compare our results with experiments for hot electron

thermalization in Si. Doany et al. [20] performed time-
resolved reflectivity measurements on Si, and obtained a
thermalization time of 350 fs for 1017 cm−3 hot electrons
excited with 0.8 eV excess energy above the CBM. Our
results are in excellent agreement with their measurements.
In fact, we predict thermalization times of 250 fs at energies
near the conduction band edge, combined with a loss of
∼60 meV (the energy of an optical phonon in Si) every
∼10 fs at higher energies. For hot carriers with an energy of
0.8 eVabove the CBM as in Ref. [20], we thus predict a loss
of 600 meV in 100 fs to relax the hot carriers to 200 meV
above the CBM, followed by thermalization in 250 fs.
This yields a total thermalization time of approximately
350 fs, as in the experiments in Ref. [20]. Our results are
also consistent with thermalization times extracted from
transport measurements in combination with Monte Carlo
calculations [18,20,38], predicting thermalization within
250 fs near the CBM. Since the vastmajority of hot electrons
generated by sunlight in Si are found within 1–2 eV above
the CBM, we conclude that hot electron thermalization
under sunlight illumination in Si occurs over ∼350 fs. Our
calculations indicate a similar time scale for hot hole
thermalization.
In summary, our work demonstrates that hot carrier

thermalization losses in Si under sunlight illumination
occur at ultrafast (∼350 fs) time scale and are dominated
by phonon emission from hot carriers with energies near
the band edges. Our ab initio approach can provide
microscopic information regarding hot carriers that would
be difficult to extract from experiment, such as the energy
and momentum dependence of hot carrier relaxation times
and MFPs. Our work sheds light on the microscopic origin
of the main efficiency loss in Si solar cells, and paves the
way to ab initio studies of hot carriers in materials for
renewable energy.
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